Abstract. LetU( sln) be the modified quantum affine sln and let U( slN ) + be the positive part of quantum affine slN . LetḂ(n) be the canonical basis ofU( sln) and let B(N ) ap be the canonical basis of U( slN ) + . It is proved in [4] that each structure constant for the multiplication with respect toḂ(n) coincide with a certain structure constant for the multiplication with respect to B(N ) ap for n < N . In this paper we use the theory of affine quantum Schur algebras to prove that the structure constants for the comultiplication with respect toḂ(n) are determined by the structure constants for the comultiplication with respect to B(N ) ap for n < N . In particular, the positivity property for the comultiplication ofU( sln) follows from the positivity property for the comultiplication of U( slN ) + .
Introduction
In [7] , Grojnowski gave a geometric construction of the comultiplication ∆ for quantum group of type A. As a consequence, he obtain that it has positive structure constants with respect to the canonical basis for quantum group of type A (see also [8] ). The geometric description of ∆ was generalized to the affine case by Lusztig [14] .
Let S △ (n, r) be the affine quantum Schur algebra over Q(v) (see [5, 6, 13] ). Let U( sl n ) be the quantum affine sl n . The algebra U( sl n ) and S △ (n, r) are related by an algebra homomorphism ζ r : U( sl n ) → S △ (n, r) (see and Lusztig [13] ). The map ζ r can be extended to a surjective algebra homomorphism from D △ (n) to S △ (n, r), where D △ (n) is the double RingelHall algebra of affine type A (see [1, 3.8 
.1]).
It is well known that the positive part U( sl n ) + of U( sl n ) has a canonical basis B(n) ap with remarkable properties (see Kashiwara [9] , Lusztig [10] ). LetU( sl n ) be the modified form of U( sl n ). The algebraU( sl n ) is an associative algebra without unity and the category of U( sl n )-modules of type 1 is equivalent to the category of unitalU( sl n )-modules. The algebraU( sl n ) has a canonical basisḂ(n) constructed by Lusztig [12] . Let B(n, r) be the canonical basis of S △ (n, r) (see Lusztig [13] ). The compatibility ofḂ(n) and B(n, r) was proved by Schiffmann-Vasserot [17] .
In [4] , some good relations among the structure constants for the multiplication with respect to the canonical bases of the three algebrasU( sl n ), S △ (n, r) and U( sl N ) + were established. † Supported by the National Natural Science Foundation of China.
In this paper we prove that there are similar relations among the structure constants for the comultiplication with respect to the canonical bases of these algebras. More precisely, we prove in 3.8 that the structure constants for the comultiplication with respect to B(n, r) are determined by that with respect to B(N ) ap for n < N . Using 3.8, we prove in 4.1 that the structure constants for the comultiplication with respect toḂ(n) are determined by that with respect to B(N ) ap for n < N . In particular the positivity property for the comultiplication with respect toḂ(n) follows from the positivity property for the comultiplication with respect to B(N ) ap .
Notation: For a positive integer n, let Θ △ (n) be the set of all matrices A = (a i,j ) i,j∈Z with a i,j ∈ N (resp. a i,j ∈ Z, a i,j 0 for all i = j) such that (a) a i,j = a i+n,j+n for i, j ∈ Z; (b) for every i ∈ Z, both sets {j ∈ Z | a i,j = 0} and {j ∈ Z | a j,i = 0} are finite.
Preliminaries
Let I = Z/nZ = {1, 2, . . . , n} and let (c i,j ) i,j∈I be the Cartan matrix of affine type A. Let D △ (n) be the double Ringel-Hall algebra of affine type A. The algebra D △ (n) is isomorphic to the quantum loop algebra U( gl n ) (see [1, 2.5.3] 
and relations:
where i, j ∈ I and s, t ∈ Z + . It is a Hopf algebra with comultiplication ∆ defined by
where i ∈ I and s ∈ Z + . The extended affine Hecke algebra H △ (r) is defined to be the Q(v)-algebra generated by T i , X ±1 j (1 i r − 1, 1 j r), and relations
,
Let Ω be a vector space over Q(v) with basis
for all i ∈ I(n, r),
where 1 k r − 1 and 1 t r (cf. [18] ). The algebra
is called an affine quantum Schur algebra.
For λ ∈ Λ △ (n, r), let S λ := S (λ 1 ,...,λn) be the corresponding standard Young subgroup of the symmetric group S r . For λ ∈ Λ △ (n, r) let x λ = v ℓ(w 0,λ ) ω i λ , where w 0,λ is the longest element in S λ and
, . . . , n, . . . , n λn ) ∈ I(n, r).
The vector space Ω is a natural D △ (n)-module with the action
For r ′ , r ′′ ∈ N, there is a natural injective algebra homomorphism
It is clear that we have the following commutative diagram:
, we obtain an algebra homomorphism
3. The connection between B(n, r) and
A matrix A = (a i,j ) ∈ Θ △ (n) is said to be aperiodic if for every integer l = 0 there exists 1 i n such that a i,i+l = 0. Let Θ △ (n) ap be the set of all aperiodic matrices in Θ △ (n). Let
Then U( sl n ) + is isomorphic to the composition algebra of the cyclic quiver △(n) (see Ringel [16] ). Let
Then by [11] , we know that the set B(n) ap forms a Q(v)-basis for U( sl n ) + and is called the canonical basis of U( sl n ) + . The following result are due to Lusztig (see [10] and [12, 14.4.13] ).
Let S △,r be the group consisting of all permutations w : Z → Z such that w(i + r) = w(i) + r
be the canonical basis of S △ (n, r) defined by Lusztig [13] . For λ, µ ∈ Λ △ (n, r) and
. Let ρ be the permutation of Z sending j to j + 1 for all j ∈ Z. Then for λ ∈ Λ △ (n, r) and m ∈ Z we have θ
, where T i = v −1 T i . We are now ready to compute ∆ r ′ ,r ′′ (θ ρ mr λ,λ ). We need the following lemma.
In particular, we have
Proof. We apply induction on k. The case k = 1, 2 is trivial. We now assume k > 2.
Consequently, by induction we have (
Assume r = r ′ + r ′′ with r ′ , r ′′ ∈ N. There is an injective algebra homomorphism
Lemma 3.3. Assume r = r ′ + r ′′ with r ′ , r ′′ ∈ N. For λ ∈ Λ △ (n, r) and m ∈ Z we have
β,β . Clearly, for λ ∈ Λ △ (n, r) we have
It follows that ϕ r ′ ,r ′′ (∆ r ′ ,r ′′ (θ For A ∈ Θ △ (n) let ro(A) = j∈Z a i,j i∈Z and co(A) = i∈Z a i,j j∈Z . By [3, 7.7(2) and 7.9] we have the following result.
We now use 3.3 and 3.4 to prove the following formula.
where f A,B,C is as given in (3.1).
Proof. By 3.4 we have ∆ r ′ ,r ′′ (θ A+diag(λ−co(A)),r ) = ∆ r ′ ,r ′′ (ζ r (θ
. Now the assertion follows from (3.1) and 3.3.
For m ∈ Z there is a map
defined by sending A = (a i,j ) i,j∈Z to (a i,mn+j ) i,j∈Z . The following lemma can be easily checked (see [4] ).
Lemma 3.6. Let m ∈ Z and A ∈ Θ △ (n, r) with λ = ro(A) and µ = co(A).
(1) If a i,j = 0 for 1 i n and j mn, then
Assume N n. There is a natural injective map
It is easy to see that there is an injective algebra homomorphism (not sending 1 to 1)
One can easily prove the following resutls (see [4] ).
Lemma 3.7. Assume N > n. Then for A ∈ Θ △ (n, r) we have A ∈ Θ △ (N, r) ap and ι n,N (θ A,r ) = θ A,r .
We now give a precise relation between the structure constants of the comultiplication with respect to the canonical basis B(n, r) of S △ (n, r) and that with respect to the canonical basis
Theorem 3.8. Assume N n and r = r ′ + r ′′ . Let A ∈ Θ △ (n, r), B ∈ Θ △ (n, r ′ ), C ∈ Θ △ (n, r ′′ ).
(
is as given in (3.1).
Proof. Let µ = co(A). Then by 3.6(2) and 3.3 we have
Clearly we have ∆ r ′ ,r ′′ • ι n,N = (ι n,N ⊗ ι n,N ) • ∆ r ′ ,r ′′ . Thus by 3.7 we have
The statement (1) follows. The statement (2) follows from (1), 3.1, 3.5 and 3.6(1).
Proof. There exist x, y ∈ N n △ such that x + co(A) = y + co(B) + co(C). Let r ′ = σ(B) + σ(y) and r ′′ = σ(C). By 3.5, 3.8(1) and 3.1 we have f A,B,
The connection betweenḂ(n) and B(N ) ap
Let X be the quotient of Z n △ by the subgroup generated by the element 1, where 1 i = 1 for all i. For λ ∈ Z n △ letλ ∈ X be the image of λ in X. Let Y = {µ ∈ Z n △ | 1 i n µ i = 0}. For λ ∈ X and µ ∈ Y we set µ ·λ = 1 i n λ i µ i . Forλ,μ ∈ X we setλU( sl n )μ = U( sl n )/λIμ,
There is a natural algebra structure onU( sl n ) inherited from that of U( sl n ) (see [12, 23.1 
.1]).
Let πλ ,μ : U( sl n ) →λU( sl n )μ be the canonical projection. Forλ ∈ X let 1λ = πλ ,λ (1). The map ζ r defined in §2 induces an algebra homomorphisṁ
ifλ =ᾱ for some α ∈ Λ △ (n, r),ζ r (1λ) = 0 otherwise. Forᾱ,β,γ,δ ∈ X, there is a well-defined linear map ∆ᾱ ,β,γ,δ :ᾱ +γ U( sl n )β +δ →ᾱU( sl n )β ⊗γU( sl n )δ such that ∆ᾱ ,β,γ,δ (πᾱ +γ,β+δ (x)) = (πᾱ ,β ⊗ πγ ,δ )(∆(x)) for x ∈ U( sl n ). This collection of maps is called the comultiplication ofU( sl n ) (see [12] ). LetḂ(n) be the canonical basis ofU( sl n ) defined by Lusztig [12] . Let Y(n) = {A ∈ Θ △ (n) ap , A − E ∈ Θ △ (n)}. By the proof of [14, 4.3] , we see that for A ∈ Y(n), there exists a unique b A ∈Ḃ(n) such thatζ r (b A ) = θ A+mE,r if r = σ(A) + mn for some m 0, anḋ ζ r (b A ) = 0 otherwise. Furthermore we haveḂ(n) = {b A | A ∈ Y(n)} (cf. [17, 15] ).
For λ, µ ∈ Λ △ (n, r) let λ Θ △ (n, r) µ = {A ∈ Θ △ (n, r) | ro(A) = λ, co(A) = µ}. Forλ,μ ∈ X let λ Y(n)μ = {A ∈ Y(n) | ro(A) =λ, co(A) =μ}. Then for A ∈λY(n)μ we have b A ∈λU( sl n )μ. Forᾱ,β,γ,δ ∈ X and A ∈ᾱ +γ Y(n)β +δ , we write Finally, we give a precise relation between the structure constants of the comultiplication with respect to the canonical basisḂ(n) ofU( sl n ) and that with respect to the canonical basis B(N ) ap of U( sl N ) + . It follows that h A,B,C = g r ′ ,r ′′ A+mE,B,C . Now the result follows from 3.8(2).
